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Answer all the questions:

1. Let (X,d) be a complete metric space. f1, f2,...: X — C a sequence
of continuous functions such that for each =z in X, sup{|fx(x)|: k =
1,2,...} = C; < co. Show that there exists a nonempty open set V of
X such that

sup{|fx(z)| : k=1,2,... x € V}
is finite. 3]

2. Let g : R — R be a C’ function such that ¢'(zg) # 0 for some z( in

R. Let yp = g(xg). Show that there exists open sets Uy, Vj such that

xo € Up, yo € Vo, g is 1 — 1 on Uy, g(Uy) = Vp, the inverse map
g1 Vo — Up is continuous and differentiable. 5]

3. (a) Let aj,ag...,a, by,be,...,b be non negative real numbers. Let
an + by — a+b, a <liminfa, and b < liminfb,. Show that
an, — a and b, — b. 2]

(b) Let f, f1, f2,...: R — [0,00) be integrable w.r.t Lebesgue mea-
sure. If f, — f pointwise and [ f, — [ f, then show that
Jg fn — [g [ for each Borel subset E of R. 2]

4. Let f: R — C be Lebesgue integrable. Define g : R — C by
o) = [ fla)e " da

(a) Show that g is continuous. 1]
(b) If further [ |zf(z)|dz < oo, show that g is differentiable. 1]

5. Let f,g: R — R be Lebesgue integrable. Show that

/f+g=/f+/g

[Recall:(i) The above equality is true if f > 0 and g > 0 and

@) [fr= " =Jf] 3]



[o.9]

6. (a) Let By = U [n, n+ 1]. Find hm E((El +y\E1) U(E1\E1 +v)),
where /¢ Stands for Lebesgue measure and E+y = {z+y: z € E}

[1]
(b) Let By — 82[11, n+ 4. Find lim £[(E> +3\E2) U B2\ (B2 + )
2]

[e.9]

(c) Let B35 = Uln, n+ay), 0 < a, <3 ian < oo Find
n=2 2
7513%5((]53 +y \E3) U(E3\E3 +9))
1]

7. Let B be the Borel o-algebra of R. Let f: R — R be a function such
that f~!(a,00) € B for each a in R. Show that f~!(E) € B for each
E in B. [4]

8. Let f : [0, 1] — [0, o) be a Borel measurable bounded Riemann
integrable function. Show that the Riemann integral of f and Lebesgue

integral of f are qual. [4]

9. Let f: R — [0,00) be any bounded Borel measurable function. Show

that there exists a sequence 0 < s7 < s9 < s3 < ... of simple

measurable functions such that limsup |s,(z) — f(z)| = 0. 3]
nox

10. (a) Let f: R — R be given by

sin x

flz) = forxz >1
x
=0 if z<1
Show that f is not Lebesgue integrable. 3]
(b) Show that hm f f(x) dz exists. 3]

—)OOl

11. Let (X, d) be a complete metric space F; D Fy D ... a sequence of
o0

closed sets with dia F; — 0 as j — oo. Show that (1] F} is nonempty.
1

[3]



